We study binary codes of length n with covering radius one via their characteristic functions. The covering condition is expressed as a system of linear inequalities. The excesses then have a natural interpretation that makes congruence properties clear. We present new congruences and give several improvements on the lower bounds for K(n, 1) (the minimal cardinality of such a code) given by Zhang (1991 Zhang ( , 1992 . We study more specifically the cases n --5mod6 and n --2,4mod6, and get new lower bounds such as K(14, 1)/> 1172 and K(20, 1)/>52456.
I. Introduction
Let 0z2 be the finite field with two elements and n be some positive integer. Let us put H = (~2)n and define the Hamming distance between two elements x = (xl . 
For x E H and r E Z, the sphere of center x and radius r is denoted S,.(x) and is defined by
St(x) = {y E H: d(x,y) = r}.
Note that [St(x)[ = (~).
A binary code, with covering radius one, is a subset C of H such that the following covering condition holds:
VxcH, 3yEC:d(x,y)<<.l.
(1)
The problem of determining K(n, 1), the minimal cardinality of C, has been widely studied in the last decade [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The methods used in these papers are various and range from congruence properties [1, [4] [5] [6] [7] [8] [9] to pair covering by k-tuples [10, 11] , and from embedded error-correcting codes [2] to recurrence relations [3] .
We first introduce a formalism that gives an algebraic interpretation to the theory of excesses [1] [2] [4] [5] [6] [7] [8] [9] . This enables us to produce numerous congruence properties. Later sections will be devoted to the study of special cases: Section 3 deals with the case n -5mod6, Section 4 with the cases n -1,3mod6 and Section 5 with the cases n -2, 4 mod 6. We shall end this paper by giving an updated version of the lower bounds for K(n, 1) and by indicating how these bounds might be improved further.
Generalities
Let F be a real function defined on H. For i E Z, let us introduce the function Fi defined by
Fi(x) = F(y).
yESi (x) Note that F/= 0 if i ~ {0 ..... n}, F0 = F and ~o~i<~nFi = IFI, where
It is also known [7, Let us put 6 --A0 +A1 -1, so that 6 is a function defined on H that takes nonnegative integer values. It is closely related to the theory of excesses [1-2, 4-9], since 6(x) just equals the excess on the singleton {x}. Moreover, by formula (2), we find the well-known formula [7] 161 = (n + 1)1cl -2".
Since 6 is a nonnegative function, (3) implies the sphere covering bound I CI/> 2n/(n+ 1 ).
Lemma 1 gives the general form for 6i, which is stated in [2] :
This last formula enables us to produce numerous congruence properties for the 6 function. We start with a general property, which has been found independently by Honkala [5] .
Lemma 2. For any odd prime number p dividing n + 1,
Proof. By summing (4), we get
Since n ----1 mod p, we have
and the lemma follows. [] Note that this lemma already improves on several lower bounds from Zhang's tables [10, 11] . For instance, when n = 19, we can use this lemma for p = 5 together with formula (2) to get 4 × 219 16]"> 1 + 19 + (19) + (19) + (a49) = 416.432.-. , which in turn implies by (3) that 1C1>~26236. The bound given in [10, 11] , and obtained in [2] , was 26216.
In a similar way, we can get congruence properties for other sums of 6i. For instance, we list below the congruences for p E {2,3,4,5}.
30+61 =A0+lmod2
if n-0mod2, Let us now examine more closely the numerical implications of these congruences.
The case n =--5 mod 6
If n = 5 mod 6, we have the two congruences and we would like to prove that ITI is not too large. We will need the next lemma, which is related to the proof of [9, Theorem 1].
Lemma 3. For any x in T, there exists an unique y in S2(x)f7 Z; moreover, we have g(y) = 2.
Proof. Let x be in T. Since g2(X) = 2, there exists
The set Sl(X)M&(y) has two elements, say zl and z2. We know that, for i = 1,2,
which shows that g l (zi)>~2. We then deduce from the inequalities
-go(Y) that go(y)>12=gz(x)>~go(y). This shows that g0(y)=2 and the lemma is proved. []
In order to estimate the size of T, we introduce the following two sets:
Note that, for any x c U, we have (go(x),gl(X)) = (2,2), and therefore UCZz N C.
Lemma 4.
For any x E Z2, the followin9 inequalities hoM:
Proof. For any x E Z2 N C, we have Ao(x) = 1, Al(x) = 2 and &(x) f7 C has two elements, say xl and x2. Since, go(xi)>~ 1 for i = 1,2, we get
A short calculation shows that
and the first part of the lemma is proved.
The second part proceeds in the same way. For any x C Z2\C, we have Ao(x) = O, Al(x) = 3 and Sl(x)n C has three elements, say xl, x2 and x3. Now we have U (& (xi) n s~ (x j)) : {x, y~, y2, y3 },
where Yi E S2(x) and 6o(Yi)>~ 1 for i = 1,2,3. By Lemma 3, we have By Lemma 4, we get Proof. We already proved the two first estimates at the beginning of the section. These bounds are all better than the ones given in Zhang's table [10, 11] , which were 176, 778, 352 063 and 17 977 788, respectively. Van Wee [9] and Honkala [5] gave the bounds K(ll, 1)>~ 178 (Honkala), K(17, l)t>7391 (Van Wee) and K(17, 1)>~7399 (Honkala) . Theorem 1 thus improves on two lower bounds.
The cases n ~ 1, 3 rood 6
We start with a lemma that extends the approach given at the beginning of the last section.
Lemma 9. Let p >>. 5 be a prime number. Let us assume there exist three conyruence properties of the followin9 type:
where the O~i'S and the fli's are rational integers. Then the followin9 property holds:
Vx E H, ¢5o(x ) .....
6p-Z(x) = 0 ~ 6p_l(x)>/2p-1.
It is probably true that a necessary and sufficient condition for the existence of (7-9) is that p divides n + 1. Since, the applications of this lemma require explicit congruence properties, we shall not try to prove this characterization.
Proof. Let x be an element of H such that 60(x) ..... 6p_2(x ) = 0. By (9), 6p_l(X) ~ p-I mod p. Let us assume that 6p_l(x) = p-1. By (9), there exists y E Sp_l(x) such that 6o(y) > 0. Let us put
Sl(x)NSp-2(y)= {al,...,ap-l} and S2(x)NSp_3(y)= {bl,...,b(~)}.
For i E {1 ..... p-1}, the congruence property (8) applied to a i gives 6p_2(ai) -0modp-1. Since, l<...6o(y)<<.6p_2(ai)<...6p_l(X) = p-1, we obtain 6p-2(ai) = p -1 = 6p_l(X). Therefore,
Thus we have proved an extension of Lemma 3. However, when p>~5, a contradiction arises. Indeed, by (7) The only improvement to the tables in [3, 10, 11] is K(19, 1)/>26251. The bound given in [3, 10, 11] (and found in [2] ) was 26216, and Habsieger obtained in [3] the small improvement 26 218.
Let us now apply Lemma 9 with p = 7. The only interesting cases mentioned in the tables are n = 13 and n = 27. This method does not give a good result for n = 13, i.e. K(13, 1)/>587, while the Cohen et al. bound [2] is 598. So we will focus on the case n = 27, where the only improvement to the sphere covering bound was given by Habsieger [3] (K(27, 1) t>4 793 495). For n --= 2, 4 rood 6, let us introduce a new function 49 defined for any x E H by
The next lemma shows the importance of this function. It may also be deduced from [10,(10) ].
Lemma 13. For n=2,4mod6, the function 49 satisfies to the followin9 two properties:
(n + 1)(n + 2)(niCi 149] = 6 2n).
Proof. Let us first assume that n ~ 2 rood 6. The following two congruence properties hold: 
+Al-1)+3(A2+A3)-(~)-n-1=349 2
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Let us now assume that n 3 4 mod 6. The following two congruence properties hold:
The proof then proceeds as before and we still have (n/2 + l)&, + 6, + & an/2. If 60 = 0, we obtain &+&an/% and even 6i+&>n/2+1, since 260+61+62 G Omod3. If 60 > 1, we still have 260 + 61 + 62 2 3 and therefore (n/2)d0 + Si + & 33 + n/2 -2. Thus, we always have and in the same way we get $J 20.
To prove (1 l), we apply (2) to the definition of 4:
/dl=(~(1+n)+(;)+(;))[C[-(n+1k(n+2)2fl = (n + l)(n + 2) 6 (nlC[ -2"). 0
This lemma readily gives Van Wee's bound [8] ICI >2"/n. However, Van Wee's bound applies whenever n is even, whereas this lemma does not cover the case n E Omod 6. In terms of 6, Van Wee's proof may be summarized as follows: For n s lo,50 mod 60 we have Proof. In both cases we can apply Lemma 13. We then use Lemma 1 to compute ~bl and ~b2 and we find that (n)~+6 ~b -k-q~l + ~b2 = 10 ((~+I)(Ao+A1)+2(A2+A3)+A4+As)2
Thus, if 10 divides n, we obtain the congruence property (") ~+6 q~ + 4~1 + q~2 -8mod 10.
When n -20, 40 mod 60, this gives the inequality 64 + ~b~ + 42>~8. We now use (2) and (11) All these bounds improve on Van Wee's bounds [8] . However, when n = 10, the best bound is Zhang's [10] , (K(10,1) >~105 ). When n = 20, we can use the same method to increase our lower bound by one unit. Both our results improve on Van Wee's bound [8] , (K(20, 1)>/52429). We shall now get further refinements by using induced inequalities as in [10] . 
Concluding remarks
Let us first give an updated version of Zhang's Table I [ 10, 11 ] . We consider only those values of n~<33 for which K(n, 1) is still unknown. 
